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CONDITIONS FOR EXTENSION OF
SOME CLASSES OF SQUARE-SUMMABLE
ANALYTIC FUNCTIONS

BY
K. FISHMAN' AND H. MOSKOVITZ

ABSTRACT

Analogously to S. Bernstein’s conditions for the possibility of extension of an
analytic function from a given domain to a greater one, we give necessary and
sufficient conditions for the extension of analytic functions submitted to
different conditions of square-summability. The conditions are given by the
characteristic of the rate of approximation of the given function by simple or
generalized polynomials. For illustration we formulate one of the theorems
which is proved in the paper: Let H2(C,) be the class of analytic functions f(z) in
the disc C, ={z :|z|<r} for which

2w

)

2= %f f )' | f(pe*‘“)izo(f;’ R) dpdé <=, r<R,

where o (r) is a non-negative continuous and non-increasing function on [0, R};
o(r)>0for0=r <R Thenf(z)€ H*(Cy) if and only if f(z) € H%(C,) and for
every integer n = 0 there exists a polynomial p, (z) of degree n at most such that

r

1f(2) = pa (D)2 = (R>" B, (nz0),

where B, =0, 25_, Bl <.

The purpose of this article is to examine the conditions for the extension of
square-summable analytic functions from a given domain, on which they are
defined, to a greater one. These conditions can be characterized by the rates of
approximation of the function by smaller classes of functions, and in particular
cases, by polynomials.

As an example for such conditions, in the case of analytic extension, we can
take Bernstein’s theorem (3], p. 114): Let K be a continuum containing more
than one point, and let K., be the component of K — the complement of K in
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Riemann’s sphere — containing the point at infinity. Let yz be the image of the
circle Jw|= R > p under the conformal mapping

(1) Z=IJI(W)=W+BO+%+%_ZZ+...

of the domain |w | > p onto K.. Let f(z) be a function defined on K. Then f(z) is
analytic on the bounded domain enclosed by yx, denoted by int (yx), if and only
if for any £ >0 and any integer n = 0, there exists a polynomial p, (z), of degree
n at most, such that

@ max |f(z) - p(2)| < C(e)(qg + &)  (n=0,1,--), q<1

where R =p/q, and C(e) is a constant. In this case, the sequence {p.(z)}
converges uniformly to f(z) inside int(yz).
Let y be a Jordan curve, r a positive number, and a = {a}; a positive
sequence. We introduce the following notation:,
int(y) — the bounded domain enclosed by 7.
ext(y) — the complementary domain to int (y), which is the closure of int(y).
#A.(y) — the space of analytic functions on int(y).
s_(y) — the space of analytic functions on ext(y).
.(y) — the space of analytic functions on int(y).
A _(y) — the space of analytic functions on ext(y).
(For the definitions and topologies of the spaces of analytic functions, see [2].)
1%(r) — the Banach space of all complex sequences x = {xi}s, such that

Ieleo= 3, lx Pria<e  1sps=

where [5(1)= 1" when ax =1 (Vk).
¢. — the circle |w|=r.
E’(y) — the Banach space of functions f(z) € &.(y) with the norm

1)y sup [ If(2)Fldz ] <=

where {y.}s is a sequence of rectifiable Jordan curves in int(y) which converges
to v.
E2(y) — the Banach space of functions f(z)€ «-(y), with the norm

I r=sup [ 1£(2)Fldz | <,
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where {v.}s is a sequence of rectifiable Jordan curves in ext(y), which converges
to y.
F, — the set of all complex sequences x = {x.};, where x, =0 for k > n.

THEOREM 1. The sequence x = {x, }; belongs to I%(R) if and only if x € I%(r)
for r <R, and for every integer n = 0, there exists p* € F, such that

. ry”
b=l = () B (r=0,1,2-1)

where 8 ={B.}; € I”.
Proor. Letx ={x}s€ I%R),r <R,and p™ ={xo,x,," "+, x,,0,0,--}. Then

ES pn
Ix=plaor 3 Iabra= () 82
k=n+1 R

where Bh=(R/ry" Zi_ne1| % [Fr™a., and therefore

k-1

S50 5 (O oS e S (5

n=0

x Rpk
2_ erfCtk_"—rp‘"p<°°.

Now, let x€l%(r), and [x —p“|ern,=(r/R)"B. (n=0,1,3,---) where
{B.};€!” and p™ EF,
r n
flx = {xo,x1, "+, %,0,0 }”1"(r) =lx—p®lenm = (R) Ba-

Then

”{X(), T m ) }_{XO,"',X,. 1, s }”’p(')_'x ’,n nt

= ”{xO,“ ‘,x,.,O,' ' .}_ X ||‘Z.(')+ Hx _{x07 Ty Xn- la }"lﬂ(r)
r n r n—~1
é(R) B"+<R) B

and therefore [x,|R"a,*= B+ (R/r)Ba-1, so that {x,R*a -0 € I?, which
means that {x.}s € I%(R).

LEmMMA. The function f(z)=Zi_oxz" belongs to A.(ck) for every {x.};€
I’%(R), pz1 if and only if i oai'z" € d.(c\), which is equivalent to the
condition lim Vazl.
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Proor. If 2% o ai'z" € of.(c)), and x € I%(R) for p > 1, then for p <R

o - _ -
z’xklpkévgka)”R"“ak-('/E <‘I%> aP < oo
k=0 k=0 =0

by Holder’s inequality. If p = 1, then, for some ¢ >0,
x Ed k x
2 |xlpt =2 [x|R*a '(Jl) L<eY xR <
k=0 k=0 R (243 k=0

kC_onversely, if _liﬁ\k/a_k<l then there exists a subsequence {a._}, such that
Va, =6<1(n=0,1,2---). We take 7 <R such that (R/n)? <1, and

n* if k =k,
Xy =

0 otherwise.

Now, Zr_oxm* =Zi_ox,n* =, even though

= P K,
ik“ RPk,.ek,. = 2 [(%) 9] < 00,

n n=t

2 |5 PR o = 2 |1, PR™ e, = 3
k=0 n=0 n=0

Let X and Y be two Banach spaces, and assume Y is algebraically and
topologically contained in X. Furthermore, assume that there exists a linear
continuous operator T which maps X onto I%(r), and its restriction to Y maps Y
onto I%(R) continuously, where r <R. Let y, = T 'e®™, where ¢™' = {5.. )50
({8} is Kronecker’'s &) and let Y, be the linear subspace spanned by
{yo, ¥1, ", ¥a}. Clearly we can state

THEOREM 2. y € Yifandonly ify € X and for every integer n = 0 there exists
p. €Y, such that

Iy ~lx=(5) 6.
where {B.}5 € I”.
Let us consider some applications:

(1) As we know ([1], [4]), Riesz’s space H3(cr) is the space of all functions
f(z) =i az* € . (cr), for which

> l 2w ) ® .
I e =sup 3 | (pe )P do = 3 [, PR
p<R 0 k=0

— 5 [ iRe* o <o
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where f(Re®) are the boundary values of f(z) which exist almost everywhere
and are square-summable.

The operator Tf(z)=T2{_oaz" ={a}; is an isometric isomorphism of
H?(c,) onto I5(r), where a ={1,1,-- -}, and its restriction to H2(cr) conserves
this property for the couple H’(cz) and I%(R), for R >r. Based on Theorem 2,
we now have the following theorem:

THeEOREM 3. f(2)€ Hi(cgr) if and only if f(z) € H(c,), r <R, and for every
integer n = 0 there exists a polynomial p,(z) of degree at most n, such that

@@= () B (r=0.2,-00)
where {B.}o € I°.

(2) Let o(r) be a non-negative, continuous and non-increasing function
defined on [0, R}, with o(r)>0 for 0 =r < R. We define the space

Hie) = {1(2): f2) € e @)l

__1_ il oz (P ) }
_27,-4[) L ’f(Pe )l(r(rR dpdf <} .

Clearly, | f(z)lzc) = I Zeanz* ize) = r Zieol ac [r*en = r{ac} |, where a =
{ak }?)° and

1 R 2
3) a =g | ™ o(o)dp.
0

It follows from (3) that for 0 <@ <1
02k+l

2k+1°

1 Ré
a = R L p*a(R8)dp = o(R0)

Therefore limy—.V = 67 hence li_m\k/E;; 1.

The operator Tf(z)= T Z{.oaz" ={a.}; is a one-to-one linear mapping of
H?(c.) onto [%(r) for every r, 0<r = R. Based on Theorem 2, we have the
following theorem:

THeoreM 4. f(z) € H'(cx) if and only if f(z) € H(c,), r < R, and, for every
integer n = 0, there exists a polynomial p.(z) of degree at most n such that

r

@)= @loer = () B (n=0,1,2,-0),

where {B.}; € I°.
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(3) Consider A "(r) — the class of functions f(z)€&€ #.(c, ), such that

4 lf(z)'—(, ENEk

where the constant ¢, ¢ >0 and the natural number m depends on f.

THEOREM 5. f(z)€ A™(R) if and only if f(z)€ A™"(r), r <R, and for some
a >0, there exists, for every integer n = 0, a polynomial p, (z) of degree at most n,
such that

J’:"L’ (r=p)""'|f(pe) = pa(pe”)| dpdb = (7;.)" B

for some B ={B.}; € I’

Proor. Let s be a positive number. Consider the space H3(c.) of all
f(z) € A.(c,) such that

I =3 [, [ €= oY If(oe ") dodo <

We argue that U, H%(c,) = A ™(r). If f(z) € A™"(r) and f(z) behaves as in (4),
then obviously f(z) belongs to H3(c,) for some s, great enough. Conversely, let
f(z)=Z2%0az* € H¥c,). Then f(rz)€ Hi(c,). If we put f(rz)=Zi_o bz
b = awr*, we have ©>|{[f(rz)|fh = ¢ Zi-o(n+ 1)~ |b.|* for some ¢ >0, ac-
cording to [6). For |z|=p <1 we have

F02)I= 3 Ibulo" =[S, 16, Fn + 1)\ S, (n+ 1707

Differentiating the equality 1/(1-p)=2,_0p" k times, we get

(1 p)k+1 i (n+k)(n+k—1)"~(n+l)p".

n=0

Thus, for k > s, we have

\/20(n+ 1yp*= \/20(n+ Dep"= \/go(n+ k) - (n+1)p"= \/(—ltl%jm’

hence

)= lher ot (12120 <)
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lf(l)lé(r—_—;w (lzl=p <),

for some ¢ >0. Our statement is now a consequence of Theorem 4.

(4) Let G be a bounded and simply connected domain of the z-plane, with
the boundary y containing more than one point, and let y,, g <1, be the image
of the circle ¢, under the conformal mapping z = ¢(w) (w = ¢(z) is the inverse
mapping) of the domain G onto the unit disc int(c,) in the w-plane.

THEOREM 6. The function f(z) belongs to EX(y) if and only if f(z) € E’(y,)
and for every integer n = 0 there exists a polynomial p,(w) of degree at most n such
that

G @)= p.(e(2)V'(2)|
where {B.}; € I”.

Ei(?q)éqn 'B" (n=0’17“')
Proor. We consider the mapping Tf(z)= f(w)Vy'(w). From the
equality
I eior=sup | If2)Fldz | =sup [ S DPINVETwIFldw],
where g, 1 1, it follows that T is an isomorphic mapping of E%(y) onto E’(c))

and of E%(y,) onto E(c,). We have T 'w* =[4(2)]* V¢'(z), so that our
statement follows from Theorem 3.

REMARK. An analogous statement could be made in relation to the Rudin
space ([5]):
Hi(y)={f(z): f(z) € L.(y), f(¥(w)) € Hi{c)}
with [|f(z) a2y = supa [, [f(z)[*| '(2)]]dz |. In this case we would consider the

mapping Tf(z) = f(¥(w)) and T 'w* = (¢(z))* so that instead of (5) we could
have the condition

(6) If(z)-p.(8(2)

(5) Let K be a continuum in the z-plane and let z=y¢(w)=
W+ ag+ a_/w + - -+ (with the inverse mapping w = ¢(z)) be the conformal
mapping of the component K. of its complementary domain K* which contains
the point z = », onto the exterior of the circle c,. Let v, be the image of ¢,

H%(Yq)éqn.Bn (n=0,l92a“')-
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p < =, under this mapping, and let {F,(z)}--o be the sequence of Faber’s
polynomials belonging to the continuum K ([3]). We know that the series
Zn_0a.F,(z) converges in the topology of #.(yx) if and only if 2;_,a.w"
converges in #.(cr). We denote the following set by lZ(y,):

B ={f0):f2)= 3, () @=L <o)
Now [i(y,)C A.(v.), p<r<w. The operator Tf(z)=TZ; (a.F.(z)=
Sr_oa.,w" maps the space li(y,) onto H%(c,) isomorphically, for every r,
p <r<wx We observe that T"'w" =F,(z), n=0,1,---.

THEOREM 7. The function f(z) belongs to I:(yr) if and only if f(z) € Ii(y.)
for somer, p <r <R, and, for every integer n = 0, there exists a polynomial p, (z)
of degree at most n, such that ||[f(z)— p.(z)|izep = (r/R)'B. (n=0,1,2,--),
where {B.}; € I’.
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