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CONDITIONS FOR EXTENSION OF 
SOME CLASSES OF SQUARE-SUMMABLE 

ANALYTIC FUNCTIONS 

BY 

K. FISHMAN t AND H. MOSKOVITZ 

ABSTRACT 

Analogously to S. Bernstein's conditions for 'the possibility of extension of an 
analytic function from a given domain to a greater one, we give necessary and 
sufficient conditions for the extension of analytic functions submitted to 
different conditions of square-summability. The conditions are given by the 
characteristic of the rate of approximation of the given function by simple or 
generalized polynomials. For illustration we formulate one of the theorems 
which is proved in the paper: Let H2,,( C, ) be the class of analytic [unctions f ( z ) in 
the disc C, = {z : I z I < r} for which 

where a(r) is a non-negative continuous and non-increasing [unction on [0, R];  
~( r ) > 0 for 0 <= r < R. Then f ( z ) ~ H~,,( CR ) if and only i[ f ( z ) E H~,,( C, ) and for 
every integer n >= 0 there exists a polynomial p~ (z ) of degree n at most such that 

where ~. >=0, E7~o/32, < oo. 

The purpose of this article is to examine the conditions for the extension of 

square-summable analytic functions from a given domain, on which they are 

defined, to a greater one. These conditions can be characterized by the rates of 

approximation of the function by smaller classes of functions, and in particular 

cases, by polynomials. 

As an example for such conditions, in the case of analytic extension, we can 

take Bernstein's theorem ([3], p. 114): Let K be a continuum containing more 

than one point, and let K~ be the component of K c - -  the complement of K in 
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Riemann's sphere - -  containing the point at infinity. Let 3'R be the image of the 

circle J w I = R > p under the conformal mapping 

(1) z = , l , ( w ) =  w + + L - :  + . . .  
w w 

of the domain I wl > p onto K=. Let f(z) be a function defined on K. Then [(z) is 

analytic on the bounded domain enclosed by 3'R, denoted by int (3'R), if and only 

if for any e > 0 and any integer n => 0, there exists a polynomial p, (z), of degree 

n at most, such that 

(2) maxlf(z)-p, , (z) l<C(e)(q+e)" (n = 0 , 1 , . . . ) ,  q < l  
z E K  

where R = p/q, and C(e) is a constant. In this case, the sequence {p,(Z)}o 

converges uniformly to f(z) inside int(yR). 

Let y be a Jordan curve, r a positive number, and a = {a~}o a positive 

sequence. We introduce the following notation:. 

in t (y)  - -  the bounded domain enclosed by 3'. 

ext (3') - -  the complementary domain to int (3'), which is the closure of int (3'). 

,d+(3') - -  the space of analytic functions on int(3'). 

,d_(y) - -  the space of analytic functions on ext(3'). 

,d§ - -  the space of analytic functions on int(3'). 

,d_(3') - -  the space of analytic functions on ext(3'). 

(For the definitions and topologies of the spaces of analytic functions, see [2].) 

l~(r) - -  the Banach space of all complex sequences x = {xk}~, such that 

Ilxll, ,,, = " l <=p 

where /~(1)= I p when ak = 1 (Vk). 

Cr --  the circle I wl= r. 

E2+(y) - -  the Banach space of functions f ( z )~  ~L(y)  with the norm 

2 2 - -  fy I[f(z)llE+(~,)- sup If(z)J21dz I< ~, 
n 

where {3'.}o is a sequence of rectifiable Jordan curves in int (3') which converges 

to 3,. 

E2_(3') - -  the Banach space of functions f ( z )~  M_(3'), with the norm 

[[f(z)[l~_r sup f~,. If(z)121dz l < ~, 
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where {3`.}~ is a sequence of rectifiable Jordan curves in ext (3'), which converges 

to y. 

F, - -  the set of all complex sequences x = {X~}o, where x~ -- 0 for k > n. 

THEOREM 1. The sequence x = {x~}o belongs to lg(R ) if and only if x ~ l~(r) 
[or r < R, and [or every integer n >-_ O, there exists p("~ ~ F. such that 

I[x - p '" ' l l , : r  ~ /3, 

where/3 = {/3k }~ E l". 

PROOF. 

(n = 0 , 1 , 2 , . . . )  

Let x = {x,,}2 ~ l"~(R), r < R, andp  ~1 7 6  {xo, x~ , . . - , x , , ,0 ,0 , . . . } .  Then 

/ "  II I~(r) ~ I Xk = 
k = n + l  

where /3P, = (R / r ) "  E~=.+, Ixk I"rPkak, and therefore 

/c = I n = 0  
2, -2 2 
n = O  n=O k = . + l  

~: ,  R " - - - ~  " r" < ~ .  

Now, let x E l ~ ( r ) ,  and Ilx-p~"~II,~(o<=(r/R)"/3, ( n = 0 ,  I , 3 , . . . )  where 

{/3~}~E I p and p ~ 1 7 6  F., 

1Ix - { X o , ~ , , . . . , x . , O , O , . .  }11,:, ,~ - -  < IIx - v~ ' " ' "  ~, ,  ,o,,, = < /3 . .  

Then 

rl{Xo,". ,  x., o , . . .  1 - {xo,  �9 �9 -, X ._ l ,  0 , . . . / l l , : ( o  = Ix .  I r",~ '.'~ 

--< II{xo,"". ,  x . , 0 , . . . } -  x II'~,r,+ IIx -- {go,'" ", X , - , , 0 , " " "  }11':('1 

_-< /3,+ /3,_, 

and therefore Ix. IR"a~/~<=[3,+(R/r)/3._~, so that {xkRka~"}~=oE l p, which 

means that {xk }o E l~(R). 

LEMMA. The function [ ( z ) =  E~=oxkz k belongs to M.(cR) for every {Xk}oE 

F.(R), p > 1 if and only if ~ -l k = Z.k=oak Z E S~.(C,), which is equivalent to the 

condition lim f fak  => 1. 
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PROOF. If E~=oa;'z k ~ ~L(c,), and x E I~(R) for p > 1, then for p < R 

2 Ix lo �9 
k = 0  ~ ) 

by Hflder 's  inequality. If p = 1, then, for some c > 0, 

tx,.I,o"= tx,,tR"o. < =  
k=o k:O \ R /  (rk= k=,, ' 

Conversely, if l i m ~ <  1 then there exists a subsequence {c~~ such that 
k - -  

~ak.--< 0 < 1 (n = 0, 1 , 2 , . . ' ) .  We take 7/< R such that (R/r/)"0 < 1, and 

X k ~ -  

{S ~ i f k = k , ,  

otherwise. 

Now, E~=o xkr/k = ET=o xk.r/k = ~, even though 

Ix~l"R"k~ = Ix, ,ote  ~o,,,o<= - - R . ~ o o ~ o  o < ~ .  
k = O  n = O  ) "f~ Pkn ~ n = O  

Let X and Y be two Banach spaces, and assume Y is algebraically and 

topologically contained in X. Furthermore, assume that there exists a linear 

continuous operator T which maps X onto lP(r), and its restriction to Y maps Y 

onto IP~(R) continuously, where r < R. Let y, = T- 'e  ("), where e("~= {6,k}~=,, 

({3.k} is Kronecker's 6) and let Y, be the linear subspace spanned by 

{Yo, y~,'" ", y.}. Clearly we can state 

THEOREM 2. y E Y if and only if y ~ X and for every integer n >= 0 there exists 

p~ E Y,  such that 

tt y - e,., If,,, <= f t .  

where {fl,,}o ~ I". 

Let us consider some applications: 

(1) As we know ([1], [4]), Riesz's space H=+(cR) is the space of all functions 

Yk=o akz E M+(cR), for which f ( z )  = ~ 

]lf(z)[[H:(r sup ~ If(pe'~ = la, 12R 2~ 
p < R  ) k =l) 

I 
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where f(Re'O) are the boundary values of f ( z )  which exist almost everywhere 

and are square-summable. 

The operator  Tf (z )  = T E~=o akz~ = {ak}o is an isometric isomorphism of 

HI(c,)  onto l~(r), where cr = {1, 1 , . . .  }, and its restriction to H2+(cR) conserves 

this property for the couple H](cR) and l~(R), for R > r. Based on Theorem 2, 

we now have the following theorem: 

THEOPaSM 3. f ( z  ) ~ H2+(CR ) if and only if f ( z  ) ~ H~+(c, ), r < R, and for every 
integer n >-_- 0 there exists a polynomial p , ( z )  of degree at most n, such that 

]]f(z)-p.(z)H.~tc,~<-_ 13, (n = 0 , 2 , . . .  ), 

where {/3~ }o ~ 12. 

(2) Let o'(r) be a non-negative, continuous and non-increasing function 

defined on [0, R],  with o'(r) > 0  for 0 =< r < R. We define the space 

{f(z): f(z) ~ s~+(cr), H2,,(c,) tlf(z 

(r ) } = 2---~ , , tt(pe'")12~ R dpdO < ~  

Clearly, IIf(z ) l l ~ , )=  IIZka~z k tl~(c,) = r Y~;=ol a~ ]~r%~ = rll{a~}ll~t,) where ~ = 

{ak}o and 

I" (3) ak - R21+, , p2ko'(p)dp. 

It follows from (3) that for 0 <  O < 1 

1 I R~ 02k§ 
~k >-- R2~., , 02%r(RO)do = ~r(RO) 2k + 1 " 

Therefore l i m k ~ _ -  > 0 ~, hence l i m ~ / ~ _ -  > 1. 

The operator  Tf (z )  = T Y;2~o akz ~ = {ak }2 is a one-to-one linear mapping of 

H~(c,) onto l~(r) for every r, 0 < r =< R. Based on Theorem 2, we have the 

following theorem: 

THEOREM 4. f ( z  ) E H2,,(CR ) if and only if f ( z  ) E HZ,~(c,), r < R, and, for every 
integer n >= O, there exists a polynomial p . ( z )  of degree at most n such that 

IIf(z)-p.(z)ll.~.a~.,<= ./3. (n = O, 1 , 2 , . . . ) ,  

where {fl~ }o E 12. 
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(3) Consider  A-~(r) - -  the class of functions f ( z ) E  M§ such that 

c 
(4) If(z)[ <= ( r - I z  [)m , 

where  the constant  c, c > 0 and the natural  number  m depends  on f. 

THEOREM 5. f ( z  ) ~ A-~(R  ) if and only if f ( z  ) ~ A-~(r), r < R, and for some 
a > O, there exists, for every integer n >= O, a polynomial p. (z) of degree at most n, 
such that 

, (r - p)"-l[f(pe'~176 <= �9 f l .  

for some fl = {ilk }o ~ 12. 

PROOF. Let  s be a positive number .  Consider  the space H~(c,) of all 

f ( z )  E M§ such that 

22 1 fo2~f,f [ [ f ( z ) [ I . ,<c , )  = ~ (r - p)'-l[f(pe'~ < ~. 

We argue that (..J s>o H2,(c,) = A-~(r). If f ( z )  ~ A-~(r) and f ( z )  behaves  as in (4), 

then obviously f ( z )  belongs to H~(c,) for  some s, great enough.  Conversely ,  let 

f ( z )  = E~=,,akz k ~ H~(c,). Then f ( r z ) E  H~(c~). If we put  f (rz)  = E~_ob, z k, 
bk = a~r k, we have ~ > {]f(rz)l]2,~(,,)>-_ c E:~o(n + 1)-'[b~ [ 2 for  some c > 0, ac- 

cording to [6]. For  I z [ = p < 1 we have 

[f(rz'[ <= ~-o2 [b, lP "<= ~/~o [ b" [2(n + 1 ) -"  ~ o  ( n +  l f p  2". 

Differentiat ing the equali ty 1/(1 - p) = ET-op" k times, we get 

( 1 - o - y  * , -  o ( n + k ) ( n + k - 1 ) ' " ( n + l ) O  ~ 

Thus,  for  k > s, we have 

4 �9 

(n + 1)'p 2~< (n + 1)kp " <  ( n + k ) . . . ( n + l ) p " =  ( 1 _  p)k§ , 

hence 

x/~., 
[f(rz)l < IIf(z)l[n~r (1 - p),k§ ([ z [<  p < 1), 
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C 
l f (z) l  <= (r - p),**,>/z (I z t <- _ p < r), 

for some c > 0. Our statement is now a consequence of Theorem 4. 

(4) Let G be a bounded and simply connected domain of the z-plane, with 

the boundary y containing more than one point, and let 3'q, q < 1, be the image 

of the circle cq under the conformal mapping z = ~(w) (w = ~b(z) is the inverse 
mapping) of the domain G onto the unit disc int(c,) in the w-plane. 

THEOREM 6. The function f ( z )  belongs to E~(y)  if and only if f ( z ) e  E~(yq) 
and for every integer n >-_ 0 there exists a polynomial p, (w ) of degree at most n such 

that 

(5) 

where {/3.}o~ 12. 

PROOF. We consider the 

equality 

~ ~ n Ilf(z)- q �9 

mapping 

(n = 0 ,1 , . , . )  

T f ( z ) = / ( ~ ( w ) ) X / 6 ' ( w  ). From the 

H~(7 ) = {f(z ) : f ( z  ) ~ ~§ ), f(qJ(w )) E H2+(c,)} 

with II = sup. L lf(z)121 ,r [. [n this case we would consider the 

mapping Tf (z )  = f ( 6 (w ) )  and T - ' w  ~ = (4,(z)) ~̀ so that instead of (5) we could 

have the condition 

(6) I l f ( z ) -  po (4,(z)ll,,~,~>_ < - q~ .r (n = o, a , 2 , . . .  ). 

(5) Let K be a continuum in the z-plane and let z = 6 ( w ) =  

w + ao+ a - d w  + " "  (with the inverse mapping w = ~b(z)) be the conformal 

mapping of the component K~ of its complementary domain K ~ which contains 

the point z = 0% onto the exterior of the circle c~. Let 3', be the image of Cr, 

REMARK. 

space ([5]): 

/ "  
2 2 - -  | IIf(z)ll +< ,-supj   [f(z)121dzl supf  If(q,(w))121x/ --r 121dwl. 

n j Cqn 

where q, 1' 1, it follows that T is an isomorphic mapping of E2+(y) onto E~(c~) 
and of EZ+(Vq) onto E~(cq). We have T- lw  k=  [4~(z)]~X/~--~, so that our 

statement follows from Theorem 3. 

An analogous statement could be made in relation to the Rudin 
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p < <_oo, under this mapping, and let {F.(z)}7=o be the sequence of Faber's 
polynomials belonging to the continuum K ([3]). We know that the series 
E~=oa.F.(z) converges in the topology of M+(yR) if and only if E~=oa.W ~ 
converges in sg+(cR). We denote the following set by l~+(y,): 

lZ+(yr) : { f ( z ) ' f ( z ) :  .~=0 a"F"(z)']]f(z)[lzt~+(r')= ,, '~=o la"rr2" <oo}. 

Now 12(y~)CM+(y,), p<r<o~.  The operator Tf(z )=TET=oa.F. (z )= 
E~=oa.w" maps the space 12+(yr) onto H2+(cr) isomorphically, for every r, 
p < r < ~ .  We observe that T-~w" = F , ( z ) ,  n = 0 , 1 , . . . .  

THEOREM 7. The function f (z )  belongs to l~+(yR) if and only if f ( z ) E  l~+(y,) 
for some r, p < r < R, and, for every integer n >= O, there exists a polynomial p. (z ) 
of degree at most n, such that (rlR)"~, (n = O, 1 ,2 , . . - ) ,  
where {/3k}o~ 12. 
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